Recently a study on the Dirac equation in a thin elastic rod as a submanifold quantum system was reported. (S. Matsutani and H. Tsuru, Phys. Rev. A46 (1992), 1144). It is shown that the Dirac operator is identified with the Lax operator of the Modified Korteweg-de Vries (MKdV) equation. Since the thin elastic rod is governed by the MKdV equation, it implies that the fictitious quantum mechanics in the soliton physics has a real physical meaning as a fermionic field on the elastic rod. In this paper, we quantize the Dirac field in a thin elastic rod on R
We find that there appears an anomalous current proportional to the curvature of the rod which is the MKdV soliton. Hence we prove that the relation between the fermionic field systell). and the classical MKdV soliton is regarded as an anomaly on the thin elastic rod. § 1. Introduction Soliton physics has been developed in the last three decades. Gardner, Greene, Kruskal and Miura found that the solution of the Korteweg-de Vries (KdV) equation has infinite conservation quantities and the KdV equation is expressed by a fictitious quantum mechanics. This method is called inverse scattering method (ISM).
1 > This was extended to the other soliton equations immediately;
2 H> the sine-Gordon, the nonlinear Schrodinger (NLSE) and the modified Korteweg de Vries (MKdV) equations. Furthermore Sato and his school found that the Kadomtsev-Petviashvili (KP) hierarchy, which is a prototype of continuous classical soliton, is expressed by the universal grassmannian manifold (UGM) or the free fermion field and studied the properties of it, i.e., the infinite dimensional algebra. 5 > Jimbo and Miwa generalized it to the modified KP hierarchy including MKdV equation.
6 > Due to them, the properties of the continuous classical soliton seem to be completely understood.
The physical meaning of the above schemes is not revealed completely; linear differential equations appearing in the classical soliton physics, e.g., in the ISM is not connected with the probability for a particle and is regarded as a kind of mathematical tool, which represents the infinite degrees of freedom. In fact, the time development of the wavefunction in the soliton physics differs from that in the ordinary quantum mechanics. Nobody had paid attention to this difference since the quantum mechanics in the classical soliton physics does not reflect any physical situation but is an auxiliary object.
On the other hand, dynamics of an elastic thin rod has been studied in the frame of the soliton physic~. 7 Ho> Hashimoto considered the vortex string in the fluid dynamics in R 3 and found that it obeys the NLSE.7l Lamb and Tsuru indicated that the vortex string and the elastic thin rod in R 3 are considered as the same problem. 8 
>, 9 >
The elastic rod in R 2 is studied by Konno, Ichikawa and Wadati, IshimorP 0 > and recently Goldstein and Petrich. ll) The shape of it and its time development are determined by the MKdV equation and are known as a loop soliton. In this paper, we will briefly review the derivation of the MKdV through the dynamics of the elastica. As applications of the elastica, the shape and the time development of the DNA and other polymers had been studied. 12 > Wadati and Tsuru considered the shape of it exactly. 13 > Thus the elastica is still a remarkable subject in the modern physics 14 > and it is of interest to investigate the behavior of the electron in the curved rod.
Recently the quantum mechanics on a submanifold in R 2 and R 3 was studied in the condensed matter physics. 15 H 1 > The submanifold quantum physics has very different features from the manifold quantum physics, which is well known in the elementary particle and the quantum gravitational physics. 22 > It is known that if the submanifold has an extrinsic curvature as a submanifold, it makes sometimes an attractive potential appear in the quantum equation, e.g., the Schrodinger equation. This effective potential comes from a geometrical correction in quantum level. This effect was studied by da Costa and others. 15 >- 16 > There are several applications. 16 
J-Zll
For example, recently Ikegami et al. applied the Dirac constraint method to the submanifold quantum system and found a remarkable fact in the method for the system.l7l Tsuru and the present author found an interesting shape of one dimensional curve in order to get a reflectionless effective potential. 18 > Furthermore the author showed that the effective potential has an effect on the statistical physics on a submanifold. 19 > In Ref. 20 ) they studied the Dirac equation along a thin elastic rod as a submanifold quantum physics. Then we found that the Dirac operator can be regarded · as the Lax operator of the MKdV equation. 3 > Since the dynamics of the elastic rod is governed by the MKdV equation,Io>.n> it implies that the fictitious linear differential equation in the soliton physics is regarded as a real quantum mechanical wave equation on the soliton as its base space. The difference between the time development in the real physics and the soliton physics is interpreted by the BornOppenheimer approximation, i.e., the geometrical phase. 23 > In other words, the fermion in the thin rod can be expressed by the language of the quantum mechanics in the soliton physics. For example, the fermion may correspond to the 7r electrons in a polymer, as long as we regard the polymer as a continuous rod and we neglect the Coulomb force.
Furthermore, since the motion of an elastica in R 3 is governed by the NLSE, 8 > we can also generalize our scheme 21 > a rod in R 3 and then we get the Lax operator of the NLSE as the Dirac operator on the rod in R 3 and another geometrical phase, i.e., the type of Tomita and Chiao's. 23 > In Ref. 20) , we conjectured that the correspondence between the base space and the Dirac equation is interpreted as an anomalous boson-fermion correspondence, i.e., an anomaly. The purpose of this paper is to prove the conjecture and show the exact form of the anomaly.
The anomaly in the quantum field theory is found through 7r 0 ~ rr in 1960's; if the classical conserved current is coupled with the gauge field, the conservation law sometimes breaks down after quantization. Due to it, the gauge theory seemed to have contradictions. Later, the geometrical meaning of it was revealed by Zumino and Stora; 24 > the anomalies are interpreted as a local version of the Atiyha-Singer index theorem. 24 ) ' 25 ) Thus though it sometimes prevents the consistency of the model, it is recognized as a natural phenomenon. The anomaly in our system, if it appears, will be also interpreted in a natural sense. In the proof, we will employ Fujikawa's method, 24 ) ' 26 ) since it is a powerful strategy. The organization of this paper is as follows. In § 2, we will briefly review the relation between the MKdV equation and the dynamics of the elastica. In § 3, we will quantize the Dirac field in the thin elastic rod in terms of the path integral under the adiabatic approximation. The result will include that in Ref. 20) . At the end of § 3, we will deal with the classical Dirac field and show that the classical fermionic system is regarded as the fictitious quantum system of the MKdV equation along Ref. 20) . In § 4, we will go back to the quantum field theory and prove that the MKdV soliton can be explained as a geometrical part of a kind of gauge anomalies related to the parity transformation by means of Fujikawa's method.
)'
26 Hs) From a topological viewpoint, the anomaly gives a new index theorem on the geometry of the submanifold. We will discuss both the global (topological) and the local meanings of the relations. In Appendices A~ D, we will review the result in Ref. 20) in detail because there was no argument on the Klein paradox for the confinement of the Dirac field and the non-hermiticity of the Dirac operator in a rod. § 
Thin elastic rod
In this section, we will consider the dynamics of a thin elastic rod and show that it is governed by the MKdV equation. 19 ) First of all, we will provide the geometry of a thin rod in two dimensional (2D) space. We assume that at space oo and -oo, the physical state is isomorphic and we regard the space as a 2D torus, T
we will consider a thin rod, whose center of axis is C, over the torus T Since our argument has started from 2D space, we cannot allow the crossing point exactly. However the rod has a thickness. In other words, the segment around the crossing point deviates from each other for the normal direction of 2D space infinitesimally. Exactly speaking, we will consider the three dimensional space but it is nearly 2D surface. In order to go on our argument in 2D space, we assume that the deviation does not influence the curvature of C. Since we consider the rod with elasticity, we can exclude the wild topology and the cusp on curve C; we assume that the thickness of the rod is much smaller than its local curvature radius.
We introduce the orthonormal basis along C; the tangent unit vector nr, the normal unit vector n2 of the curve C. The Frenet-Serret relation is defined as 
where k(s) is the curvature vector and k is the curvature and 3s==3/3s. When we express n1 as n1=Ccos8, sinO), nz=(sinB, -cosO),
the curvature is k=3sB. Let us consider the dynamics of a rod with elasticity. The lagrangian density of the elastic rod is given by
where p is the mass density and A is an elastic constant. The action becomes
where l is the length of the rod.
Here we consider the variational problem. In terms of an infinitesimal value E(s, t), the variation of curve C. from C is expressed as
Immediately we obtain the relations, Here we will look into the kinetic part. Due to (2 · 2) 3tnl = ( 3tB) nz. In order to make the problem simple, we consider the case in which the shape of the rod does not change. Thus n1(s, t)=nl(s-ut, 0) or r=:un1. We note that this assumption is corresponding to one soliton solution. Suppose that the local length of the rod does not change or 3s3tr=3tnl. Then we have the relations, ku=3tB, 3su=O and (2·10)
The kinetic term becomes 11 J Our calculation is for one-soliton solution but we can also extend (2 ·14) to a general equation for multi-soliton solutions.
Here we will also review the Lax equation for the MKdV equation. 3 l For the MKdV equation (2 ·14), we introduce a fictitious quantum system with the wavefunction ¢. The word, "fictitious", means that tj; does not express any physical particles, e.g., an electron, a phonon, and so on. 
The eigenvalue A expresses the infinite degrees of the freedom in the MKdV system. The partner of Lis the time development operator B, In this section, using the path integral method we will construct the fermionic quantum field theory on the thin elastic rod C in T 2 , i.e., on the (1 +I)-dimensional ((1 + l)D) curved space-time embedded in (2+ !)-dimensional ((2+ l)D) space-time. It is worthwhile noting that our consideration differs from the fermionic string theory, 30 > because our theory is for the extrinsic curvature effect on the submanifold.
We will extend the space geometry to the space-time geometry. We assume that our system is compact with the positive definite metric diagoij=(l, 1, 1); we also where oqo 0 is an appropriate parameter whose order is [,u sec] . The time develop· ment of the fermion in t is given through the variations of the eigenvalues and of the phase of the fermion. As we see later, if the base space obeys the MKdV equation, the effect comes from only the phase effect. Though we introduce oqo 0 , the final result should not depend on it because it is not physical. In fact, our result (4·28) does not depend upon it.
Moreover in this section, we suppose that there is no crossing point on C because we can extend it to the theory with crossing points after formulating the fermionic system without the crossing point.
Under the assumptions, we will construct the fermionic quantum system. We wish to express the fermionic system in terms of the geometry of the rod. Due to the adiabatic approximation, we will consider only the space geometry again because the time q 0 -direction is trivial. If we point to a position x=(x\ x 2 ) deviating from C but in the vicinity of C, we can express this position using the curved coordinate system, 32 l (see Appendix A). Since this potential is space-like, our argument is not the Lorentz covariant. We implicitly assume, here, that the potential Vc~t enables us to consider only the neighborhood of the rod as we prove later.
We will express the quantum Dirac field in terms of the curved coordinate system. 20 l' 21 l As we assumed that the thickness of the rod is much smaller than its curvature radius R, s=1-kq 2 =(R-q 2 )/R does not vanish on the region which we consider; kq 2 4:..1. In other words, at the origin of the curvature, i.e., the singularity of the coordinate system, the confinement potential Vc1~t is sufficiently large and prohibits the existence of the fermionic field. Hence on the singularities of the coordinate system we need little attention. Furthermore since the rod is, now, regarded as stationary and the codimensional space, q It is natural since the energy is invariant in any coordinate transformation. However io.u is no longer a hermite operator and it cannot reflect the physical situation due to the existence of the jacobian (see Appendix C).
In order to obtain the proper momentum operator and the natural Hilbert space, we will follow da Costa's prescription. We let 7Jfc denote a classical field. 15 
l'
19 l
When the scalar product for the space direction is defined by ( 7Jflci7Jf2c)(x The jacobian disappears in the measure since we must make the integrand consist only of the vertical part including the jacobian. Then the vertical part would be extracted from the (2 + 1)D space and we could integrate the vertical part over the vertical direction and leave the horizontal variable. Accordingly the jacobian s should be removed. In order to get the density (3·7), we define the relation between lJfc and r/Jc as r/Jc :=\; 112 lfJ'c. This relation deforms the Hilbert space so that we retain the naive canonical conjugate for q~'; iop 34 > (see Appendix C).
In the functional integration, we should also redefine the field operator as
since only the classical field appears in the functional integral. The action becomes
where the lagrangian including s is expressed as
Here we used the notations,
It is worthwhile noting that since the left derivative, -i a p, acts on \; 112 rather than s-
112 , there appears the same (iy 1 orkq 2 +iyk)/2(1-kq 2 ) terms. We also note that iy~'D~' is hermite since it corresponds to iy~'(J~' before the deformation of the Hilbert space (3·8). Furthermore io~' is now hermite (see Appendix C).
Then the functional measure, The partition function (3 · 3) becomes
This agrees with the original partition function (3·3) completely. Let us now consider the effect from the given confinement potential Vc~f in (3·4). If we take the squeezed limit w-HXJ, the freedom in the normal direction q 2 intuitively vanishes. We expect that Vc~f makes ¢(q 0 , qi, q 2 ) become ¢(q 0 , ql, q 2 =0) j 8(q 2 ) for a low energy region. We can integrate the lagrangian over q 2 and s ~ 1. Our interest in this paper is to investigate the behavior of the fermion along the rod. Hence we restrict ourselves that we consider only the ground state along the normal direction q 2 ; we build the theory in a low energy region. Let us look into the squeezing limit in a low energy more exactly. We will deal with only the right-derivative operator to simplify the argument without less generality. Because the confinement potential Vc~f( = w 2 (q 2 ) 2 ) depends only on q 
The l.h.s. has the form,
For a large w, the second term can be negligible. We can replace it with its diagonal part, for a large w. The low energy region that we mentioned above means that it is much smaller than oA.
Since Qo 2 is the one dimensional spinless Schrodinger operator, Am has the symmetry between the positive and the negative values. Hence the set of index n is zx(-1,1) and we obtain the relation An,-=-An,+; we rewrite in (3·16)~(3·19), m-?(m, r)EZX(+, -).
Let us consider the effect from (
in the Dirac operator (3 ·11). We introduce another operator which is a part of the Dirac operator (3 ·11),
As mentioned before, we exclude a wild topology on curve C and assume that the thickness of the rod is much smaller than the curvature k; q 2 k<{::l. Similar to the above argument, we will also neglect the q 2 dependence of the second term. P is effectively evaluated 
Instead of the action, we consider the part of it, The eigenvalue Am,+ also behaves like the mass. We will suppress ± and + again.
As we finished the preliminary, let us consider the effect of the confinement potential on the action again. Due to the relations (3·33), we can rewrite (3·28) as 
m,n where we use the orthogonality (3·22). For fixed n, mn ==m+ An exhibits the effective mass gap of cf;n <HllD as mentioned above, The partition functions for ¢o<r+r>o and ¢n<I+r)o are decoupled. Due to the above arguments, Zr<Z+I>D~ ITnmn. Thus it is a kind of constant. In the path integral method, a constant factor of the partition function is trivial and has no physical effect on the system. Consequently we can neglect the effect from Zr <z+r>D and consider only zo<z+r>o. Physically speaking, in our low energy region, we cannot excite ¢n<I+r>o field whose mass gap is large enough and deal with only the ground state for the q 2 direction.
Then we have the wavefunction effectively,
In other words, we can safely integrate over q 2 on the action (3·9) with IJ(q 2 ) or make it vanish. This is the intuitive result we expected. 21 
>·
22 > Accordingly we have a new lagrangian, which are functional of only ¢o<r+r>o. Instead of (3·9) and (3·10) the new action has the form, 
This formula consists only of (1 + 1)D values. We obtain the curved (1 + 1)D quantum fermionic field theory on the static thin rod as the submanifold quantum physics. In other words, we quantize the Dirac field in a thin rod.
Here as we finish this section, we will comment on the Dirac operator (3·45) and (3·47).
Under their non-relativistic limit, (3·45) and (3·47) are identified with da Costa's result with the spin effece In terms of (3·51), we can derive (3·50) again. Then it is surprising that H operator agrees with the Lax operator of the MKdV equation (2 ·16 We call this the decoupling condition because the kinetics of the base space has no effect on the variation of the energy of the fermionic system; if we do not consider the geometrical phase, (3·52) implies both the systems are completely decoupled. Furthermore (3·52) implies that there are infinite conserved quantities in t because the analytic dimensions of the eigenvectors of ~ is infinite. If the base system has a one-to-one correspondence between the degrees of the freedom of the base system and the conserved quantities, the base space is an integrable system; it is the soliton system. Let us prove the existence of the correspondence map. We define the map; ~--->A= a~ in (2 ·16) where a is a non-vanishing real number. Then (3 ·52) agrees with the equation, iitA=O in § 2. In the soliton physics, it is well known that the condition gives the Lax equation (2·19) for the MKdV system. Thus we can derive the equation along (2 ·19),
where (3·54)
Hence due to the decoupling condition (3·52), we obtain the MKdV equation again. Hence the relation (3·52) has the significant meaning. From the inverse point of view, if the base space is governed by the MKdV equation, the fermionic system automatically satisfies (3·52).
It is a worthy fact that while the wavefunction and the quantum mechanics in the previous section are fictitious and appear as mathematical tools, (3 ·51) and ¢ have physical meanings. Thus (2 ·17) in this system, (3·55) implies the adiabatic change of the wavefunction ¢ without changing its energy (3·52), i.e., a kind of the geometrical phase. In other words (3·55) is not the equation of motion of the fermionic field, i.e., the Dirac equation, but is the equation for the geometric phase on the variation of the base space C due to (3 ·52). Thus it is not surprising that (3 ·55) and (2 ·17) differ from the time development of the wavefunction in the ordinary quantum physics.
Thus our classical fermionic system is closely related to the MKdV equation. 20 l
However the real fermionic system is in the quantum region, which sometimes has the quantum effects including the non-perturbative effect; it is known that the anomalies are related to the topological soliton and the instanton. Hence· we should treat the partition function (3·48) itself. In fact the MKdV loop soliton is a geometrical object while the fermionic system is an analytic object. Accordingly as we conjectured in Ref. 20) , it may be related to an anomaly in the quantum field theory. In the next section, we will prove the conjecture. Furthermore, we note that we can extend this prescription on the fermionic field in a rod to that on a general submanifol<J_, e.g., oh a surface in R 3 space or on a curve in Rn space. 21 
. Anomaly and MKdV soliton
In this section, we will derive an anomaly on our system under the massless limit. (However in order to explain why we must take the massless limit, we will go along the massive theory for a while.) Here let us rewrite the field operator as ¢(q First of all, let us consider what symmetry exists in our system. Since the curvature k represents the symmetry of the submanifold, we may regard the curvature as a gauge field. In particular, it indicates how the submanifold is embedded or immersed in higher space. Strictly speaking, the immersion of a rod in 2D space is equivalent with the section of the 50(2) principle bundle over R 1 or 5 1 and k is its connection, k=a1e for 8E50 (2) . (k is the Nambu-Goldstone mode and (2·14) is massless.) Hence we regard that k(q 1 )y 0 /2 term in (3·46) expresses the connection of the spin-like 50(2) principle bundle.
For the fermionic field, the curvature k is an external field, v :=k/2. As the rod is elastic, it can be regarded as the solution of the MKdV equation as was shown in § 2.18) On the other hand, it is known that the massless quantum fermionic field coupled with a gauge field on (2+ 1)D space-time has a parity anomaly. 24 J' 27 l· 28 l More exactly, the "parity" transformation,27l is broken down in the quantum level. Using the Pauli-Villars regularization, which is massive, it is shown that it is related to 77-invariant, because the mass term is not invariant under the transformation ( 4 ·1). The ordinary parity transformation in Ref. 27 ) is ( 4 ·1) without ist; Alvarez-Gaume et al. in Ref. 27) imposed that 5t acts on the spin or and the gauge field by hand. We prefer the explicit notation of st. Thus we employ 5t expression.
Furthermore, if the Dirac operator coupling with a gauge field is not hermite, it also generally generates an anomaly, which is called gauge anomaly. 24 l' 36 l
Our (1 + 1)D lagrangian (3·44), which represents the classical symmetry, is not invariant under the transformation ( 4 ·1) because of mass. In order to make our lagrangian invariant, we also take massless limit; m ~ 0. However this symmetry is also broken down in quantum level in our theory. Furthermore we will consider the local parity transformation and it also breaks down in the quantum level. This breakdown will be regarded as a gauge parity anomaly.
Let us show its existence and explicit form as follows.
We will, here, consider the transformation, (/Jeir"P"£ and eir"P"£¢. This agrees with (4·1) if /3=7f/2. As Ishikawa performed on the quantum Hall effect, 28 l we also assume the local gauge freedom, /3= /3(q 1 ).
The reason why we impose the local parity transformation rather than the global one is that at any points of the rod q\ (Jr8 indicates the freedom which we choose the right-or the left-handed symmetry; or8dq
The symmetry is locally defined. Moreover from now for the sake of simplicity, we assume that 5t acts only on the differential operators instead of the field (see Appendix G).
In order to get the above transformation more naturally, we will perturb v around itself for space direction. Let us consider an infinitesimal transformation,
The lagrangian changes
This change can be cancelled by the above gauge transformation (4·5)
Here we assume that 5t acts on only fDo (see Appendix G). Actually we have the relation,
In this calculation, we used the relations, 
We used the relation, $ 2 =$' 2 , since v is, now, independent of q 0 (or adiabatically depends on q 0 ). Equation (4·6) means that the transformation (4·3) with (4·5) is invariant in the classical level. However as mentioned above, this symmetry is also broken down as an anomaly.
The reason why an anomaly appears is intuitively as follows: 1) the determination of the shape of the rod breaks the parity symmetry of 2D space, 2) the Dirac operators (3·45, 47) is not hermite, and 3) the partition function (3·48) preserves the symmetry of (2+ 1)D space.
Let us derive our anomaly. We will follow Fujikawa's argument on anomalies.24l'25l'36l On the quantum level, the partition function changes as follows:
We get the Ward-Takahashi identity, 
Jl(q) is ill-defined, so we must regularize it. We will adopt the heat kernel regularization procedure here. 
the spectrum 11 2 is not positive real. However we can assume that (A v is not much larger than the real part of ;1 in general, and v 2 is bounded from below. Accordingly we interpret that the spectrum ;1;, is contained in a cone about the positive real axis in the complex spectrum plane. For such an operator and small r, we expand K asymptotically, 25 ) K(q r r)=-1 -e-<q-r) 214 r ~ e (q r)rn
The coefficient of the expansion is written by,
The trace over the spin space generates the factor 2 and we have Using the Ward-Takahashi identity (4·7), we get an anomaly,
Due to the local parity transformation (4·3) and (4·5), the anomalous relation occurs. Hence we call it gauge parity anomaly. As we showed in § § 2 and 3, the r.h.s. is the MKdV solution if the system satisfies the adiabatic conditions and the decoupling condition (3·52); oov:=:::O and at.;=O. Consequently the MKdV soliton appears as the geometric part of the gauge parity anomaly of the fermionic field on the elastic rod.
It is a novel result because the soliton solution is directly related to the fermionic system. This relation is contrasted with the ISM in which the soliton is given through the integral kernel and is not directly related to the fermionic field. Furthermore it is worthwhile noting that the relation (4·28) does not depend on the parameter oqo
•
Though the r.h.s. is well-known, the l.h.s. is not well understood. Thus let us consider the l.h.s. for a while. In order to observe the meaning of the l.h.s., we will introduce the new representation, So we obtain
Let us restrict our argument so that the rod is winding about the handle of the torus as 2D base space like Fig. 1(a) . We assume that the radius of the torus Po is sufficiently large and the rod is straight at q 1 =±oo. Under the assumption,<(¢!¢+ -¢"3'.¢_)( -oo)) and k( -oo) vanish. We integrate (4·28) over q 1 and obtain <(¢!¢+-¢"3'.1/J_)(ql)>= 2~k(q1). 
In order to investigate the physical meanin1 of (4·31), we will, first, look into the topological properties of it or its global properties. We integrate (4·31) again over the space, 1: <( ¢!¢+-¢"3'.1/J_)(ql)>d(ql) 1 ='iir(e(oo)-e(-oo)).
(4·32)
As we assumed in § 2, the crossing point of C is possible though it is in the 2D space system. Due to the thickness of the rod, the segment around the crossing point deviates from each other for the normal direction, q 3 infinitesimally. We also assume that the fields in both the segments do not interfere. Furthermore at any crossing points, the segment with larger q 1 is over the segment with smaller q 1 for the sake of simplicity Fig. 2(a) . Under the assumptions, we allow the state Fig. 2(b) but prohibit (c) . In other +1 -1 words, we deal with a kind of link diagram.37l Then the r.h.s. of (4·32) can be regarded as the writhing number in the link diagram; 37 > we define the local topological charge ± 1 as in Fig. 3 and sum it over the rod. Corresponding to the topological charge, there appears the positive or the negative MKdV soliton in our system. We allow only the Reidemeister move II, III and IV' and prohibit I in Fig. 4 .
On the l.h.s., let us define charge, Q± :=Jdq 1 r/Jj_r/J±. The charges express the number of the left-moving-particle ¢+ and the right-moving-particle r/J-respectively.
The l.h.s. of (4·32) implies the difference of these charges. Roughly speaking, the states that generate these differences correspond to the bound states in the potentials v as the AKNS method. 4 > Since the right-and left-moving-picture are ill-defined in the bound states, only their difference has the physical meanings. Since we assumed that the rod is now closed, the difference of charge is characterized by an integer. Thus ( 4 · 32) implies that the analytic index Q+-Q_ agrees with the geometrical index, the writhing number.
Let us give an intuitive interpretation of the topological result (4·32). As we treat the writhing number, we deal with the ribbon rather than the rod like Fig. 5 .
The ribbon is a Z2 fiber bundle over 5
On the other hand, the freedom of the spin is also Z2; up and down or the left-moving and right-moving. Equation (4·32) indicates that the twists of both the bundles agree with each other. In other words, there is an isomorphic map between them. This correspondence is also found in the ISM, in which we divide the space -oo-side and oo-side of q\ make the map between them and count the kernel of it.
As we found the topological properties of the system, let us consider the local relation (4·31). In the ISM, the relation between the fermionic field and the soliton is given through a kernel function and is not directly related to the fermionic field. On the contrary in (4·31) we can connect the MKdV soliton and the fermionic field locally.
Let us consider the effect from the motion of the elastic rod. As we mentioned at the end of § 3, the motion has an effect on the phase of the classical fermionic field through Lax's B-operator (3·54). After the quantization, what effect the motion has upon the field? Due to (4·31) and (2·14), we derive the dynamical equation of the
Thus we could cast the time development of fermionic field in t.
Next we consider the situation, in which the rod does not wind the torus and is · closed like Fig. 1(b) . First, we note that if the rod is straight in Fig. 1(a) type, both the sides in (4·28) vanish. When the rod is a circle with the radius a, (4·28) also vanishes. Next we consider the Jordan curve, which has no crossing in itself. Due to the Stokes theorem, (4·32) vanishes. We can regard the straight line and the Jordan curve as an equivalent class. Under this equivalent class, we can also discuss the writhing number for the closed rod in (4·32) and consider (4·31).
As we finish this section, we note again that our theory can be extended to that of a thin rod in Rn for n > 2. Then we can also define the writhing number by the projection of it to a plain. For n=3, the induced anomaly is related to the nonlinear Schrodinger equation instead of the MKdV equation. In general, the Lie group becomes from 50(2) to SO(n) there. § 5.
Conclusion and discussion
We have constructed the quantized fermionic field theory in a thin elastic rod on two-dimensional space in terms of the path integral method. Using the Dirac operator, we have casted a gauge anomaly related to the submanifold geometry by means of Fujikawa's prescription. As we proved in § § 2 and 3,. the Dirac operator is regarded as the Lax operator of the MKdV equation 20 > and the rod obeys the MKdV equation. 10 >,n>,zo> The geometrical part of the anomaly is identified with the MKdV soliton (4·31). The result implies that the relation between the MKdV soliton and the fermionic field can be regarded as an anomaly on the thin elastic rod if the system satisfies adiabatic condition. We, thus, obtain the effect of the motion of the elastic rod on the fermionic field as (4·33).
Here we will comment on the relation between the inverse scattering method and our method. On the ISM, 3 
>'
4 > one estimates the relation among the Dirac field for a fixed momentum eigenvalue ~' and looks into the map Elf from the Dirac field at q 1 = ±oo to that at q 1 = +oo. Integrating the Elf in ~ with some weight function, he obtains the Gel'fand-Levitan integral formula. Since the kernel of Elf corresponds to the solutions of the solitons but is not directly related to them, we must solve the integral equations and transform its solutions to the solitons. In our method, we estimate the current density in the functional integration with a physical weight. We, thus, obtain its functional average which agrees with the solution of the MKdV soliton directly. It is remarkable because the relation between the quantum system and the classical soliton is locally defined. It should be noted that our theory survives through the non-relativistic limit since the Schrodinger equation 20 > is also considered as the Lax equation for the MKdV equation (see Appendix E). Furthermore we note that our assumption that the rod is an elastica is not so important. Even if the rod is not elastic, the stability of the Dirac field might make the rod have the elasticity. If the rod obeys the MKdV equation, the effective potential is refiectionless and the Dirac fields move freely. Consequently the rod behaves like an elastica if the variation of the free energy of the Dirac field cannot be neglected comparing with the variation of the free energy of the rod. This is a kind of the Jahn-Teller effect. 40 . This potential may not influence the particle in the quantum wire in the semiconductor 18 > but a kind of polymers. 12 H 4 > Hence our theory is related to the polymer science if we perform the continuous approximation. If the dynamics of a polymer appears to obey the MKdV equation, the electron in the Jr-bond of it may have the anomaly. We can quantize the vibration of the polymer as a quantum MKdV soliton. Then the electron-phonon system in the polymer is a·ssociated with the conformal field theory.
Furthermore the curved 1D system is realized as a boundary of the 2D surface. Hence our theory may be related to the edge states in the fractional quantum Hall effect. 43 l Next we will comment on the global properties of the anomaly (4·32). For the topological properties, we do not need the assumption that the rod has elastic force and we can replace it with weaker conditions. From the viewpoint, we will consider (4·32) here. We have shown that the difference between the number of the leftmoving-particles and right-moving-particles agrees with the writhing number, if the segment with larger q 1 was over the segment with smaller q 1 at all crossing points like a contour on a Riemannian surface. It is noticeable that the difference comes from an analytic estimation while the writhing number is a geometrical object. This is an index theorem. 25 l However, our argument is beyond the concept of the manifold and also the manifold with boundary, and reaches the geometry of the submanifold. Hence our theory sheds light on a new field in mathematics. In other words, this is a new index theorem for the submanifold, which has never been found anywhere.
Let us consider a situation when we want to know the number of the crossings of a rod. In terms of our theory, we can observe it by investigating only the Dirac field in the rod. It reminds us of the relation between the link number and the classical electrodynamics, Biot-Savart method. 38 l However, our effect is purely quantum and has no interaction with the electromagnetic field. Hence our result differs from it. We also emphasize that our theory differs from the narrow meaning of the AharanovBohm effect as a (1 + 1)D anomaly. 39 l Finally, it is worthwhile commenting on the mathematical meaning of our results. Though the studies on topology of the submanifold are familiar in mathematics,33l'37l the analytic property of the function defined over the submanifold is not well known. Because there is no natural differential equation, except the Schrodinger equation and the Dirac equation over the submanifold that we consider. Hence the fermionic theory naturally defined over the submanifold like our Dirac operator is also interesting in mathematics. It is remarkable that there are mathematical open issues; 1) what deformation we have if the Dirac field is coupled with the other gauge field, 2) whether it is possible that our method extend to relativistic covariant, and 3) what equation we get when we extend our theory to the higher dimensional submanifold and then whether it is related to some higher dimensional solitons.
After submission of this paper, a work of Burgess and Jensen was published. 44 l They extended our theory in Ref. 20) to that on a surface in R 3 space.
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Appendix A
In this appendix, we will show that the mass confinement enables us to avoid the Klein paradox using a simple model. 31 
>'
32 >'
45 > Let us consider the Dirac equation,
with the representation of the r-matrices as r 0 =-i6 3 , r VI behaves as an ordinary potential and VII does as a mass. These are illustrated in Fig. A-1 . We face these gap forms in superlattice; 
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The continuity of the waves determines the coefficients, where
The reflection rate is expressed by We comment on the mass confinement. We face such mass confinement in many kinds of physical situation. The superlattice, as we mentioned above, has the mass confinement of the electron and hole. 46 l In the polyacetylene, the background field is regarded as a kind of mass, which is a kink soliton, and confines the electron as a half charge, -e/2.
l
The other typical example is an optical fiber. where z is an optical axis, xis the normal axis, n is a refractive index and :i; :=dx/dz. On the other hand, the action for the relativistic particles
where r is the proper time and :i; :=dx/dr. Then we can regard the mass and refractive index as the coefficients connecting between physics and geometry. The light is confined in the optical fiber by the optical mass n(x, z). Furthermore, the renormalized mass can depend on its position. It differs between in the solid and vacuum. Even in the relativistic theory, in which the mass depends on a position in the phase space for the momentum direction, we may face to the phenomenon. For example, the inner and outer of a cosmic string.
The mass confinement, thus, is reasonable.
(B·3) the operator ir"o" is self-adjoint. It is natural because the energy is real and invariant.
However we note that io" becomes non-hermite and makes some trouble. We remedy it in Appendix C.
<--
We comment on the left derivative, which is defined as ir"o" and is also hermite.
There is asymmetry on the position of s in (B · 2). The definition of the Dirac operator depends on whether it is right-hand side or left-hand side. For the righthand side of the integrand, it will be i(j :=io"r" while the left-hand side of the integrand is i(j :=ir"o", (B·2). In this paper we will employ the latter one.
Appendix C
In this Appendix, we will mention about the deformation of io" to be self-adjoint.
It is worth noting that in general, the hermitian condition for an operator is not sufficient to become an observable. We need the completeness of its eigenfunctions. For example, the canonical conjugate of the radius in the polar coordinate is not an observable because of the singularity of the origin and incompleteness of the functions. However, since we consider only the tubular neighborhood of curve C due to the confinement potential, the singularity of the coordinate has no effect on our argument and it is easy to find the complete set for the normal direction as we see (3·17). Hence only the hermiticity is important here. Let $C be a spinor space over where s is the jacobian of the transformation.
As we pointed out before, the natural momentum-like operator io" is not hermite
generally since there appears io"lns as an extra term on its hermitian conjugate. This term comes from the fact s=¢1.
The intuitive answer of the question why io" becomes not to be hermite is that a wavefunction generally has a kind of a scale consisting of a wavelength in itself globally. Both the corrections are equivalent. In this paper, we employ the latter one since we wish to use the differential operator as a natural meaning and simplify the confinement problem.
We will connect both the systems, .JC and .JC n.
<f11f2>n= ( d3qfr*T<;112. ~;-112/2
Jr• (C·5)
There is ambiguity on the exponent of <;;the signs of -1/2 and 1/2 can be exchanged depending on the position, where we put the jacobian in the integral. This reflects the orientation of the manifold. However this ambiguity is not essential before confinement and does not influence the physics. Actually, the Dirac operator connected with the energy is invariant. We will consider the change of the Dirac operator, 
where il/J = irp. D p. and
The sign of the extra term depends on the orientation of the system. With attention on (B·3), we consider the hermitian conjugate, <---.
<111-irp. a p.lf2>t=(-i( <;( ~;-
